DESCENDENTS ON LOCAL CURVES: RATIONALITY 



R. PANDHARIPANDE AND A. PIXTON 

Abstract. We study the stable pairs theory of local curves in 
3-folds with descendent insertions. The rationality of the partition 
function of descendent invariants is established for the full local 
curve geometry (equivariant with respect to the scaling 2-torus) 
including relative conditions and odd degree insertions for higher 
genus curves. The capped 1-lcg descendent vertex (equivariant 
with respect to the 3-torus) is also proven to be rational. The 
results are obtained by combining geometric constraints with a 
detailed analysis of the poles of the descendent vertex. 
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0. Introduction 
0.1. Descendents. Let X be a nonsingular 3- fold, and let 

e H 2 (X, Z) 

be a nonzero class. We will study here the moduli space of stable pairs 

[O x AF}eP n (X,(3) 
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where F is a pure sheaf supported on a Cohen-Macaulay subcurve of 
X, s is a morphism with O-dimensional cokernel, and 

X (F) = n, [F] = 

The space P n (X,(3) carries a virtual fundamental class obtained from 
the deformation theory of complexes in the derived category [21]. A 
review can be found in Section [TJ 

Since P n (X, 0) is a fine moduli space, there exists a universal sheaf 

F^XxP n (X,/3), 

see Section 2.3 of [21]. For a stable pair [O x -> F] G P n (X,/3), the 
restriction of F to the fiber 

Ix[O^F]cIxP„(I,^) 

is canonically isomorphic to P. Let 

vr x :XxP n (X,/3)^X, 
7r P :XxP n (X,/3)^P n (X,/3) 

be the projections onto the first and second factors. Since X is nonsin- 
gular and F is 7Tp-flat, F has a finite resolution by locally free sheaves. 
Hence, the Chern character of the universal sheaf F on X x P n (X, (3) 
is well-defined. By definition, the operation 

*>.(*x(7) ■ ch 2+l (F) H (tt p ( • )) : H m (P n (X,P)) -)• H*(P n (X,(3)) 

is the action of the descendent ^(7), where 7 G H*(X,7*). 

For nonzero (3 £ H 2 (X, Z) and arbitrary 7, G if* (X, Z) , define the 
stable pairs invariant with descendent insertions by 

n^(7i)) = / n^(T,- 



1^,(7,-) [P„(X,/3)]- 



The partition function is 



fe \ / k x x 



Vi=l / n \i=l / ni/J 

Since P„,(X, /?) is empty for sufficiently negative n, ( rL=i r b (7j)) 
is a Laurent series in q. The following conjecture was made in 



Conjecture 1. The partition function Zjf ( rij=i T i 3 * s ^ e Laurent 
expansion of a rational function in q. 
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If only primary field insertions To (7) appear, Conjecture [His known 
for toric X by [17] and for Calabi-Yau X by [SJ |2g] together with 
[9]. In the presence of descendents ^0(7), very few results have been 
obtained. 

The central result of the present paper is the proof of Conjecture 1 
in case X is the total space of an rank 2 bundle over a curve, a local 
curve. In fact, the rationality of the stable pairs descendent theory of 
relative local curves is proven. 

0.2. Local curves. Let N be a split rank 2 bundle on a nonsingular 
projective curve C of genus g, 

(1) N = L 1 ®L 2 . 

The splitting determines a scaling action of a 2-dimensional torus 

T = C* x C* 

on N. The level of the splitting is the pair of integers {k\, k 2 ) where, 

hi = deg(Lj). 

Of course, the scaling action and the level depend upon the choice of 
splitting (JTJ). 

Let Si,S2 G -£^r( # ) t> e the ^ TS ^ Chern classes of the standard rep- 
resentations of the first and second C*-factors of T respectively. We 
define 

ik \ N r k 

(2) (rfaiW =/ l Ti ^ eQ(ai,a a ). 

Here, the curve class is d times the zero section C C N and 

7^ G H*(C,Z) . 

The right side of ([2]) is defined by T-equivariant residues as in [U [20] . 
Let 

T 1 . v AT 



A/ 





z 



Theorem 1. ( ITjLi r «j(7i)) T ^ s ^ e Laurent expansion in q of a 
rational function in Q(q, s\, S2). 

The rationality of Theorem [1] holds even when 7^ G // 1 (C, Z). The- 
orem [1] is proven via the stable pairs theory of relative local curves and 
the 1-leg descendent vertex. The proof provides a method to compute 

Z d Af (nLr,(7,)) T 
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0.3. Relative local curves. The fiber of N over a point p £ C deter- 
mines a T-invariant divisor 

N P CN 

isomorphic to C 2 with the standard T- action. For r > 0, we will 
consider the local theory of N relative to the divisor 

r 

S = \jN Pi CN 

i=i 

determined by the fibers over p 1 , . . . ,p r £ C. Let P n (N/S, d) denote 
the relative moduli space of stable pairs, see [21] for a discussion. 

For each p t , let rf be a partition of d weighted by the equivariant 
Chow ring, 

A* T (N Pi ,®)=Q[ Sl ,s 2 ], 

of the fiber N Pi . By Nakajima's construction, a weighted partition rf 
determines a T-equivariant class 

C vi £ A^(m\b(N pv d),Q) 

in the Chow ring of the Hilbert scheme of points. In the theory of 
stable pairs, the weighted partition rf specifies relative conditions via 
the boundary map 

€i:P n (N/S,d)^m\b(N Pi ,d). 

An element 77 £ V(d) of the set of partitions of d may be viewed as 
a weighted partition with all weights set to the identity class 

l£^(iV Pj ,Q) . 

The Nakajima basis of A^(B.ilb(N p ., d), Q) consists of identity weighted 
partitions indexed by V(d). The T-equivariant intersection pairing in 
the Nakajima basis is 

r 1 (_i)<*-*(f0 

9ilv = L HNpvd ) c » uc » = ( SlS2 yM M s ^ 

where 

1=1 

Let be the inverse matrix. 

The notation rj([0]) will be used to set all weights to [0] £ A^(N Pi , Q). 
Since 

[0] = s 1 s 2 eA* T (N Pt ,Q) 1 
the weight choice has only a mild effect. 
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Following the notation of jU [20], the relative stable pairs partition 
function with descendents, 

(fc \ T k r 

U- i-j)) = xy [ U T M n<(<v), 
J=i J t& AMN/s,d)]-fJi f = i 

is well-defined for local curves. 

Theorem 2. Z^f r ( Ylj=i r ij(7i)) T ^ s ^ e Laurent expansion in q of 
a rational function in Q(q, s±, S2). 

Theorem [2] implies Theorem [1] by the degeneration formula. The 
proof of Theorem [2] uses the TQFT formalism exploited in [U [2D] to- 
gether with an analysis of the capped 1-leg descendent vertex. 

0.4. Capped 1-leg descendent vertex. The capped 1-leg geometry 
concerns the trivial bundle, 

N = P i © P i -»■ P 1 , 

relative to the fiber 

iVooCiV 

over 00 G P 1 . Capped geometries have been studied (without descen- 
dents) in [T3] . 

The total space N naturally carries an action of a 3-dimensional 
torus 

T = T x C* . 

Here, T acts as before by scaling the factors of N and preserving the 
relative divisor N^. The C*-action on the base P 1 which fixes the 
points 0, 00 G P 1 lifts to an additional C*-action on N fixing N^. 

The equivariant cohomology ring H^{*) is generated by the Chern 
classes si, S2, and s 3 of the standard representation of the three C*- 
factors. We define 

(ft \ T ft 

n^(7i) =j2i n [ n^(7i) u4(g, 
3=1 J n& JVnimvoM** j=l 

by T-equivariant residues]]] Here, jj G H^iF 1 , Z). By definition, the 
partition function ([3]) is a Laurent series in q with coefficients in the 
field Q0i,s 2 ,s 3 ). 

1 The T-equivariant series associated to the cap will be denoted 
for 7j G H*(¥\Z). 




(> 
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Theorem 3. ^IljLi T ij ^ s the Laurent expansion in q of a 

rational function in Q(q, s±, S2, S3) . 

Theorem [3] is the main contribution of the paper. The result relies 
upon a delicate cancellation of poles in the vertex formula of [25] for 
stable pairs invariants. Theorem [2] is derived as a consequence. 

0.5. Stationary theory. In [22], we prove reduction rules for sta- 
tionary descendents in the T-equivariant local theory of curves. Let 
p G H 2 (C,Z) be the class of a point on a nonsingular curve C. The 
stationary descendents are r»(p). For the degree d local theory of C, 
we find universal formulas expressing the descendents Tj >( j(p) in terms 
of the descendents Tj<d(p). The reduction rules provide an alternative 
(and more effective) approach to the rationality of Theorem [2] in the 
stationary case. 

The exact calculation in [22] of the basic stationary descendent series 

d 



7"P (n- ( n \\T ^ ( S 1 +S A 1 V- 1 + (~?) 

\ / A — 1 



- q y 

plays a special role. The coefficient of q d , 

I (AW - 1 f s i + S 2 

^'W)mb(cv)- 2 . ((i _ 1)! ^ SiS2 

is the classical T-equivariant pairing on the Hilbert scheme of d points 
in C 2 . 

The T-equivariant stationary descendent theory is simpler than the 
full descendent theories studied here. We do not know an alternative 
approach to the rationality of the full T-equivariant descendent theory 
of local curves. Even the rationality of the T-equivariant stationary 
theory of the cap does not appear to be accessible via [22] . 

The methods of [22] also prove a functional equation for the parti- 
tion function for stationary descendents which is a special case of the 
following conjecture we make here. 

Conjecture 2. Let Z^f r ( n^=i T ij (lj)) T be the Laurent expansion 
in q of F(q, S\, S2) G Q(q, S\, S2). Then, F satisfies the functional equa- 
tion 

F(q-\ S2 ,s 2 ) = (-l) A+ l^^ + ^^- A T(g, Sl , S2 ), 
where the constants are defined by 

A = I Cl (Tv), \rj\ = £ It?*!, and t(rj) = Y^Urf) . 

J P i=1 i=1 
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Here, T/v is the tangent bundle of the 3-fold N, and (3 is the curve 
class given by d times the 0-section. We believe the straightforward 
generalization of Conjecture [2] to all descendent partition functions 
for the stable pairs theories of relative 3-folds (equivariant and non- 
equivariant) holds. If there are no descendents, the functional equation 
is known to hold in the toric case [13]. The strongest evidence with 
descendents is the stationary result of Theorem 2 of [22J . 

0.6. Denominators. The descendent partition functions for the sta- 
ble pairs theory of local curves have very restricted denominators when 
considered as rational functions in q with coefficients in Q(si,S2) for 
Theorems [UTS] and rational functions in q with coefficients in Q(si, S2, S3) 
for Theorem [3j 

Conjecture 3. The denominators of the degree d descendent partition 
functions Z of Theorems^ and\B are products of factors of the form 
q k and 

1 - 

for 1 < r < d. 

In other words, the poles in — q are conjectured to occur only at 
and r th roots for r at most d (and have no dependence on the variables 
Si). Conjecture [3] is proven in Theorem[5]of Section[9]for descendents of 
even cohomology. The denominator restriction yields new results about 
the 3-point functions of the Hilbert scheme of points of C 2 stated as a 
Corollary to Theorem 

0.7. Descendent theory of toric 3-folds. Calculation of the de- 
scendent theory of stable pairs on nonsingular toric 3-folds requires 
knowledge of the capped 3-leg descendent vertexQ The rationality of 
the capped 3-leg descendent vertex is proven in [23] via a geometric 
reduction to the 1-leg case of Theorem [3j As a result, Conjecture [1] 
is established for all nonsingular toric 3-folds. The rationality of the 
descendent theory of several log Calabi-Yau geometries is also proven 
in [23]. 

0.8. Plan of the paper. After a brief review of the theory of stable 
pairs in Section [1], the vertex formalism of [25] is summarized in Section 
[21 The proof of Theorem [3] is presented in Section [3] for descendents 
of the nonrelative T-fixed point G P 1 modulo the pole cancellation 
property established in Section HI Depth and the rubber calculus for 
stable pairs of local curves are discussed in Sections \5\ and The 



The capped 2-leg descendent vertex is, of course, a specialization of the 3-leg 
vertex. 



s 
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full statement of Theorem [3] is obtained in Section UJ In fact, the 
rationality of the T-equivariant descendent theories of all twisted caps 
and tubes is established in Section [7J Theorems [1] and [2] are proven as a 
consequence of Theorem [3] in Section [8] using the methods of [4^ [18~1 120] . 
Denominators are studied in Section [91 

0.9. Other directions. Whether parallel results can be obtained for 
the local Gromov-Witten theory of curves [I] is an interesting ques- 
tion. Although conjectured to be equivalent, the descendent theory 
of stable pairs on 3-folds appears more accessible than descendents in 
Gromov-Witten theory. The direct vertex analysis undertaken here for 
Theorem [3] must be replaced in Gromov-Witten theory with a deeper 
understanding of Hodge integrals [6]. 

Another advantage of stable pairs, at least for Calabi-Yau geome- 
tries, is the possibility of using motivic integrals with respect to Beh- 
rend's x-function [TJ, see [26] for an early use. Recently, D. Maulik and 
R. P. Thomas have been pursuing x-functions in the log Calabi-Yau 
setting. Applications to the rationality of descendent series in Fano 
geometries might be possible. 

A principal motivation of studying descendents for stable pairs is the 
perspective of [TB"]. Descendents constrain relative invariants. With the 
degeneration formula, the possibility emerges of studying stable pairs 
on arbitrary (non-toric) 3-folds. 

0.10. Acknowledgements. Discussions with J. Bryan, D. Maulik, A. 
Oblomkov, A. Okounkov, and R. P. Thomas about the stable pairs ver- 
tex, self-dual obstruction theories, and rationality played an important 
role. We thank M. Bhargava and M. Haiman for conversations related 
to the pole cancellation of Section [U The study of descendents for 
3-fold sheaf theories in [T5"| |2"5] motivated several aspects of the paper. 

R.P. was partially supported by NSF grants DMS-0500187 and DMS- 
1001154. A. P. was supported by a NDSEG graduate fellowship. The 
paper was completed in the summer of 2010 while visiting the Instituto 
Superior Tecnico in Lisbon where R.P. was supported by a Marie Curie 
fellowship and a grant from the Gulbenkian foundation. 

1. Stable pairs on 3-folds 

1.1. Definitions. Let X be a nonsingular quasi-projective 3-fold over 
C with polarization L. Let £ H 2 {X,'L) be a nonzero class. The 
moduli space P n (X,(3) parameterizes stable pairs 



(4) 



O x AF 
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where F is a sheaf with Hilbert polynomial 

x{F®L k ) =k f ci(L) +n 

and s G H°(X, F) is a section. The two stability conditions are: 

(i) the sheaf F is pure with proper support, 

(ii) the section Ox — > -F 1 has O-dimensional cokernel. 

By definition, purity (i) means every nonzero subsheaf of F has support 
of dimension 1 [Hj. In particular, purity implies the (scheme-theoretic) 
support Cp of F is a Cohen-Macaulay curve. A quasi-projective moduli 
space of stable pairs can be constructed by a standard GIT analysis of 
Quot scheme quotients [TO] . 

For convenience, we will often refer to the stable pair (j3J) on X simply 
by (F,s). 

1.2. Virtual class. A central result of [21] is the construction of a 
virtual class on P n (X,j3). The standard approach to the deformation 
theory of pairs fails to yield an appropriate 2-term deformation theory 
for P n (X, Instead, P n (X,0) is viewed in [21] as a moduli space of 
complexes in the derived category. 

Let D b (X) be the bounded derived category of coherent sheaves on 
X. Let 

/• = {O x —7- F} G D\X) 

be the complex determined by a stable pair. The tangent-obstruction 
theory obtained by deforming J* in D b (X) while fixing its determinant 
is 2-term and governed by the groupg^ 

Ext^/W Ext 2 (/-,/*) . 

The virtual class 

[p n (i,^r ir Ei dim * (p n (x,p),z) 

is then obtained by standard methods [21 E]. The virtual dimension 
is 

dim™ = / Cl (T x ). 

h 

Apart from the derived category deformation theory, the construc- 
tion of the virtual class of P n (X, (3) is parallel to virtual class construc- 
tion in DT theory [27] . 



The subscript denotes traceless Ext. 
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1.3. Characterization. Consider the kernel/cokernel exact sequence 
associated to a stable pair (F, s), 

(5) -> J? Cp -> O x F -> Q -> 0. 

The kernel is the ideal sheaf of the Cohen- Macaulay support curve CV 
by Lemma 1.6 of [23]. The cokernel Q has dimension support by 
stability. The reduced support scheme, Support red (Q), is called the 
zero locus of the pair. The zero locus lies on Cf. 

Let C C X be a fixed Cohen- Macaulay curve. Stable pairs with 
support C and bounded zero locus are characterized as follows. Let 

m C O c 

be the ideal in Oc of a 0-dimensional subscheme. Since 

J^om(m r /m r+1 ,O c ) = 
by the purity of Oc, we obtain an inclusion 

Jfforn(m r , O c ) c JTom(m r+1 , 
The inclusion m r (9c induces a canonical section 

0c^ifom(m r ,0 c ). 
Proposition 1. A stable pair (F,s) with support C satisfying 

Support red (Q) C Support (£>c/m) 

is equivalent to a subsheaf of ifom(ra r , Oc)/Oc, r 3> 0. 

Alternatively, we may work with coherent subsheaves of the quasi- 
coherent sheaf 

(6) lim J^om{m r ,O c )/O c 

Under the equivalence of Proposition [TJ the subsheaf of ([6]) corresponds 
to Q, giving a subsheaf F of lim Jfbm(m r , Oc) containing the canonical 

subsheaf Oc and the sequence 
Proposition [1] is proven in [23] . 
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2. T-FIXED POINTS WITH ONE LEG 

2.1. Affine chart. Let N be the 3-fold total space of 

P i © O p i P 1 

carrying the action of the 3-dimensional torus T as in Section 10.41 Let 

(7) [O n AF] €P n (N,d) T 

be a T-fixed stable pair. The curve class is dpP 1 ]. 

Let C/ C A be the T-invariant affine chart associated to the T-fixed 
point of A lying over G P 1 . The restriction of the stable pair (JTj) to 
the chart U, 

(8) Ou%F v , 

determines an invariant section su of an equivariant sheaf Fjj. 

Let X\,X2,Xz be coordinates on the affine chart U in which the T- 
action takes the diagonal form, 

(^1 5 ^2? £3) ' x i = ti x i- 

By convention, x\ and X2 are coordinates on the fibers of N and £3 is 
a coordinate on the base P 1 . 

We will characterize the restricted data (Fjj, su) in the coordinates 
Xi closely following the presentation of |25j . 

2.2. Monomial ideals and partitions. Let x±,X2 be coordinates on 
the plane C 2 . A subscheme S C C 2 invariant under the action of the 
diagonal torus, 

[ti, t2) ■ X{ = tiXi 

must be defined by a monomial ideal J?s C C[xi,X2]. If 

dim c C[xi,x 2 ]/J 2 5 < 00 

then J*s determines a finite partition \i s by considering lattice points 
corresponding to monomials of Cfxi,^] n °t contained in JPg. Con- 
versely, each partition /x determines a monomial ideal 

fi[x 1 ,x 2 ] C C[x 1 ,x 2 \. 

Similarly, the subschemes S C C 3 invariant under the diagonal Tr- 
action are in bijective correspondence with 3-dimensional partitions. 
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2.3. Cohen-Macaulay support. The first step in the characteriza- 
tion of the restricted data (jSj) is to determine the scheme-theoretic 
support Cjj of Fjj. If nonempty, Cu is a T-invariant, Cohen-Macaulay 
subscheme of pure dimension 1. 

The T-fixed subscheme Cu C C 3 is defined by a monomial ideal 

J c C C[x 1 ,x 2 ,x 3 \. 

associated to the 3-dimensional partition it. The localisation 

(J^c)x 3 C C[x 1 ,x 2 ,x 3 ] xa , 

is T-fixed and corresponds to a 2-dimensional partition fi. Alterna- 
tively, the 2-dimensional partitions \x can be defined as the infinite 
limit of the a^-constant cross-sections of n. In order for Cu to have 
dimension 1, fi can not be empty. 

There exists a unique minimal T-fixed subscheme 

c„ c c 3 

with outgoing partition fi. The 3-dimensional partition correspond- 
ing to C M is the infinite cylinder on the X3-axis determined by the 
2-dimensional partitions \x. Let 



= ^[xi,x 2 ] ■ C[xi,x 2 ,x 3 ], C M = Ocs/^ 



i-i ■ 



2.4. Module M3. The kernel/cokernel sequence associated to the T- 
fixed restricted data takes the form 

(9) -> -> O v A F v -> Qu -> 

for an outgoing partition /i. 

Since the support of the quotient Qc/ in (Q is O-dimensional by sta- 
bility and T-fixed, Qu must be supported at the origin. By Proposition 
CD, the pair (Fu, su) corresponds to a T-invariant subsheaf of 

\\mJfom(m r ,O c J/Oc^ 

where m is the ideal sheaf of the origin in C^ C C 3 . Let 

Ms = (0 Cfl ) X3 

be the C[x±, x 2 , x 3 ] -module obtained by localisation. Explicitly 

M 3 = C[x 3 ,x^]®^^\. 

By elementary algebraic arguments, 

limJfbm(m r ,O c J = M 3 . 
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The T-equivariant C[xi, x 2 , X3]-module M3 has a canonical T-invariant 
element 1. By Proposition (TJ the T- fixed pair (Fu,su) corresponds to 
a finitely generated T-invariant C[xi, x 2 , x 3 ]-submodule 

(10) Qu C M 3 /(l). 

Conversely, every finitely generated^ T-invariant C[xi, x 2 , £3] -sub- 
module 

Q c M 3 /(l> 

occurs as the restriction to U of a T-fixed stable pair on N. 

2.5. The 1-leg stable pairs vertex. Let R be the coordinate ring, 

R = C[x 1 ,x 2 ,x 3 ]*T(U). 
Following the conventions of Section 10.41 the T-action on R is 

(tl, t 2 , £3) ' x i — ti x i ■ 

Since the tangent spaces are dual to the coordinate functions, the tan- 
gent weight of T along the third axis is —S3. 

Let Qu C Mj (1) be a T-invariant submodule viewed as a stable pair 
on U. Let 1^ denote the universal complex on [Qu] x U. Consider a 
T-equivariant free resolution^ of ly, 

(11) {J? -+ ■ ■ ■ -+ J^} = G D\[Qu] x U). 
Each term in fill I) can be taken to have the form 

^ i = Q)R(d ij ), di.ez 3 . 

J 

The Poincare polynomial 

Pu = ^ eZ[tf,tf,tf] 

does not depend on the choice of the resolution (fill . 

We denote the T-character of Fu by Fu- By the sequence 

Cu F v -)• 0, 

we have a complete understanding of the representation Fu- The T- 
eigenspaces of Fu correspond to the T-eigenspaces of Oq v and Qu- 
The result determines 

Fu e Z(t u t 2 ,t 3 ). 

The rational dependence on the tj is elementary. 

4 Here, finitely generated is equivalent to finite dimensional or Artinian. 
5 Here, 1^ is viewed to live in degrees and -1. 
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From the resolution ( fTTT) . we see that the Poincare polynomial Pu is 
related to the T-character of Fu as follows: 

(12) F 1 + Pu 

1 ) U (l-ti)(l-t 2 )(l-t 3 )' 

The virtual represention xi^ui ^u) * s gi ven by the following alternat- 
ing sum 

i,j,k,l 

= ^(-l) i+fe fl(4;-<y . 

i,j,k,l 

Therefore, the T-character is 

PuPu 



tr x(Ic/,%) 



(i - tO(i - t 2 )(i - 1 3 ) ' 

The bar operation 

is ti (-)■ tj on the variables. 

We find the T-character of the U summand of virtual tangent space 
T[i>] of the moduli space of stable pairs of the 1-leg cap is 

see [25]. Using ( Tl2|) . we may express the answer in terms of Fu, 
(IdJ tr R _ x(w) - ha - — — + \-u\-y — — . 

On the right side of ffl3l) . the rational functions should be expanded in 
ascending powers in the ti. 

The stable pairs vertex is obtained from (Tl3|) after a redistribution 
of edge terms following . Let 

F,= E 

correspond to the outgoing partition /i. Define 

Define the vertex character by the following modification, 
( 14 ) V f/ = tr R _ x( ^^) + 1 _ ■ 
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The character VV depends only on the local data Qu- By the results of 
[2"B] . V[/ is a Laurent polynomial in t±, t 2 , and t 3 . 

2.6. Descendents. Let [0] G H^(F\Z) be the class of the T-fixed 
point G P 1 . Consider the T-equivariant descendent (with value in 
the T-equivariant cohomology of a point), 

(15) (^([0])---r 4fc ([0]))^ = 

JP n (N,d) jJl V J 

following the notation of Section 10.11 

In order to calculate (IT5|) by T-localization, we must determine the 
action of the operators Tj([0]) on the T-equivariant cohomology of the 
T-fixed loci. The calculation of [25j yields a formula for the descendent 
weight, 

(!6) Wi w ~,i m (Qu) = 

m 

i=i 

The descendent vertex W^ ert (rj 1 ([0]) • • ■ Tj m ([0])) is obtained from the 
descendent weight, 

(17) W^ rt (^([0])---r lfc ([0])) = 

(—) E w «x.-,**(^) 1 KQU)+M GQ(«i,«a,«s)^. 
Here, £(Qu) is the length of Qt/. 

2.7. Edge weights. The edge weight in the cap geometry is 

WjM = e(G M ) GQ(s 1)S2 ). 

In fact, W^ ' ^ is simply the inverse product of the tangent weights of 
the Hilbert scheme of points of C 2 at the T-fixed point corresponding 
to the partition //. 

3. Capped 1-leg descendents: stationary 

3.1. Overview. Consider the capped geometry of Section [031 As be- 
fore, let G P 1 be the T-fixed point away from the relative divisor over 
G P 1 , and let 

[0] G #t(P\Z) 
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be the associated class. The T-weight on the tangent space to P 1 at 
is — S3. We study here the stationarj^ series 

(k 
IK™ 

Our main result is a special case of Theorem [3j 

( k \ T 

Proposition 2. Z"^ ( Y\j=i T i 3 -([0]) ) ^ s ^ e Laurent expansion in q of 
a rational function in Q(q, Si, S2, S3). 

3.2. Dependence on S3. The function (ITS]) is the generating series of 
the integrals 

Ik \ cap ' T k 

(19) (n^([o])\ =/ n^°]) u ^)' 

following the notation of Section 10.41 

Let £(r)) denote the length of the partition rj of d, and let 

k 

(20) < y = x;i i +d-€( J7 ) . 

The dimension of [P n (iV/./V 00 , d)] mr after applying the integrand of ( fl9l) 
is 2d - 5. 

/ , \ cap,T 

Lemma 1. The integral ( Y[j=i T ij ([0]) / *s a polynomial in s 3 0/ 

\ / n,r) 

degree 5 with coefficients in the subring 

Q[si,s 2 ] (siS2 ) C Q(si,s 2 ). 

Proof. Let N = Opi © Opi . Let F — > M denote the universal sheaf over 
the universal total space 

N P n (N/Noo,d). 

Since N = P 1 x C 2 , there is a proper morphism 

Af^PniN/N^d) x C 2 . 

The locations and multiplicities of the supports of the universal sheaf 
determine a morphism of Hilbert-Chow type, 

L:P n (N/N 00 ,d)^Sjm d (C 2 ). 

A T-equivariant, proper morphism, 

T: Sym d (C 2 ) -> ©?(C 2 ), 

6 Stationary refers to descendents of point classes. 
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is obtained via the higher moments, 
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(E x *'Ew)® (E^E^ 2 ) e "" e (E^E 



Let p = To i. 

Since p is a T-equivariant, proper morphism, there is a T-equivariant 
push-forward 

p» : AJiP^N/N^d)^) Aj(®i(C 2 ),Q). 
Descendent invariants are defined via the T-equivariant residue of 

n r b([°]) Ue -(^)) n[P n (N/S,d)r r eAJiPniN/N^d),®). 
\j=l J 

We may instead calculate the T-equivariant residue of 

(21) p» ^n^([°]) u 4(c,)j n [P^iv/iVocrf^ 

in ^(©?(C 2 ),Q). 

The codimension of the class ( 12TT) in ©^(C 2 ) is 5. Since the third 
factor of T acts trivially on (C 2 ), the class (1211) may be written as 

(22) 70S3+7lS3 + "--+75S3 

where 7^ G A\ d _ -5+i(©?(C 2 ),Q). Since the space ffif (C 2 ) has a unique 
T-fixed point with tangent weights, 

—si, —s 2 , — 2si, — 2s 2 , • • • , — dsi, — c?s 2 , 

we conclude the localization of 7, has only monomial poles in the vari- 
ables ti and D 

As a consequence of Lemma [U we may write 

(23) z s(n^([0])) =E s 3' r ^^^) 

\j=l / r=0 

where T r e Q(si, s 2 )((g)). 
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3.3. Localization: rubber contribution. The T-equivariant local- 
ization formula for the series Z c ^ ^ITjLi r ij([0])) has three parts: 

(i) vertex terms over G P 1 , 

(ii) edge terms, 

(iii) rubber integrals over oo G P 1 . 

The vertex and edge terms have been explained already in Section [2j 
We discuss the rubber integrals here. 

The stable pairs theory of ru bbeE naturally arises at the boundary 
of P n (iV/iV 00 , d). Let R be a rank 2 bundle of level (0, 0) over P 1 . Let 

Ro, Roo c R 

denote the fibers over 0, oo G P 1 . The 1-dimensional torus C* acts on R 
via the symmetries of P 1 . Let P n (R/RoU Roo, d) be the relative moduli 
space of stable pairs, and let 

P n (R/R0 U Poo, d)° C P n (R/Ro U Roo, d) 

denote the open set with finite stabilizers for the C*-action and no 
destabilization over oo G P 1 . The rubber moduli space, 

PniR/Ro U Poo, d)~ = P n (R/Ro U Poo, d)°/C*, 

denoted by a superscripted tilde, is determined by the (stack) quotient. 
The moduli space is empty unless n > d. The rubber theory of R is 
defined by integration against the rubber virtual class, 

[P^R/RoUR^d)-}™. 

All of the above rubber constructions are T-equivariant for the scaling 
action on the fibers of R with weights s\ and «2- 

The rubber moduli space P n (R/RoURoo, d)~ carries a cotangent line 
at the dynamical point G P 1 . Let 

ij e A l T (P n (R/Ro^ Roo,dT,Q) 

denote the associated cotangent line class. Let 

P M G A^(Hilb(C 2 ,d),Z) 

be the class corresponding to the T-fixed point determined by the 
monomial ideal //[xi,^] C Cfxi,^]. 

In the localization formula for the cap, special rubber integrals with 
relative conditions P M over and (in the Nakajima basis) over oo 

7 We follow the terminology and conventions of the parallel rubber discussion for 
the local Donaldson-Thomas theory of curves treated in pp] . 
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arise. Let 



S3 ~ ^0 



C v ) GQ(si,s 2 ,s 3 )((g)) 

n,d 



n>d 

The bracket on the right is the rubber integral defined by T-equivariant 
residues. If n = d, the rubber moduli space in undefined — the bracket 
is then taken to be the T-equivariant intersection pairing between the 
classes P M and C v in Hilb(C 2 ,<i). 

The S3 dependence of the rubber integral 

Q? ) e Q(si, s 2 , s 3 ) 



P. 



S3 - 4>o 



n.d 



enter only through the term S3 — ^o- On the T- fixed loci of the moduli 
space P n (R/Ro U Roo, d)~, the cotangent line class ipQ is either equal to 
a weight of Tan M (if lies on a twistor component) or is nilpotent (if 
lies on a non- twistor component). We conclude the following result. 

Lemma 2. The evaluation ofS£ at 

S3 = n 1 s 1 + n 2 s 2l n l ,n 2 EQ 

is well-defined if (ni,n 2 ) 7^ (0,0) and n^i + n 2 s 2 is not a weight of 
Tan M . 

The weights of Tan M are either proportional to si or s 2 or of the form 
nis 1 + n 2 s 2 , ni,n 2 ^0 
where n\ is the opposite sign of n 2 . 

3.4. Localization: full formula. The localization formula [7] for the 
capped 1-leg descendent vertex is the following: 

( 24 ) z 7n { n ^ ([°d) = e w r f n ^m) ■ w r } ■ ^ • 

\i=i / M=d \j=i J 

The form is the same as the Donaldson-Thomas localization formulas 
used in [H EDI. 



3.5. Proof of Proposition [21 We will consider the evaluations of 
Z^(n-=i^([0])) T ^ the values 

(25) s 3 = -(si + s 2 ) 

a 

for all integers a > 0. By Theorem HJ the main cancellation of poles 

Vert ( T-(k 



result of Section 11 the evaluation (J2SD of W; ert [U j=1 T i 3 ([°DJ is well- 
defined and yields a Laurent polynomial in q with coefficients in Q(si, s 2 ). 
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The edge term ' has no S3 dependence (and q dependence given 
by q~ d ). The evaluation ( 1251) of is well-defined by Lemma |2] and is 
the Laurent series associated to a rational function in Q(q, S\,S2) by 
Lemma [3] below. 

/ k \ T 

We have proven the evalution of Z^ p (R = i^([0])J at Q25) for 

all integers a > is well-defined and yields a rational function in 
Q(g, si, S2). By (123]) and the invertibility of the Vandermonde matrix, 
we see 

T r (q, si, s 2 ) G Q(q, si, s 2 ) 
for all < r < 5. □ 

3.6. Evaluation of S^. The following result is well-known from the 
study of the quantum differential equation of the Hilbert scheme of 
points [19j[2l]. We include the proof for the reader's convenience. 

Lemma 3. For all integers a ^ 0, the evaluation 

CM I 

^ ls 3 = -(si+S2) 

yields the Laurent series associated to a rational function in Q(q, s\, S2). 



Proof. Let C* act on P 1 with tangent weights —S3 and S3 at 0, 00 G P 1 
respectively. Lift the C*-action to O p i(— a) with fiber weightqjas3 and 
over 0,oo G P 1 . Lift C* to Opi with fiber weights and over 
0, 00 G P 1 . The (—a, 0)-tube is the geometry of total space of 

(26) Opi(-a) © O p i P 1 

relative to the fibers over both 0, 00 G P 1 . 

The 2-dimensional torus T acts on the (— a,0)-tube as before by 
scaling the line summands. For 

T = Tx C*, 

we obtain a T-action on the (—a, 0)-tube. Define the generating series 
of T-equivariant integrals 

(27) Z { -^ = ]T<f (c„o J 1 J Qr)^ G Q(s 1; s 2 ,S3)((g)) 

n 

where the superscript (—a, 0) refers to the geometry 



8 Remember, weights on the coordinate functions are the opposite of the weights 
on the fibers. 
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The series Z , ' L, has no insertions. Hence, the results of |13l 

[XT] show Z^ _ o'°^J is actually the Laurent series associated to a ratio- 
nal function in Q(q, S\, s 2 , S3). The T-equivariant localization formula 
yields 



7 (-a,0),T 



|/i|=d 



51=S1— aS3,S2,S3=— S3 



The formula for the edge term a '°' ) can be found in Section 4.6 of 

Next, we consider the evaluation of the three terms of the localization 
formula at 



{21 



S3 = -(si + s 2 ) 



After evaluation, the first term becomes 



(29) 



which only has q d terms by holomorphic symplectic vanishing [TTJ [20] . 

at (12S|) is easily seen to be well-defined and 



(-0,0) 



The evaluation of W 
nonzero by inspection of the formulas in Section 4.6 of [25]. The q 
dependence of W^ _a '°' ) is monomial. The evaluation of the third term 
S^oo at (1281) is well-defined by Lemma [21 We conclude the evaluation 

of Z^~o ^ at (J28j) is a well-defined rational function in Q(q, Si, s 2 ). 

By the invertibility of (1291 and the edge terms, S^oo must also be a 
rational function in Q(q, Si, s 2 ) after the evaluation (1281) . □ 



3.7. Twisted cap. The twisted (ai,ct2)-cap is the geometry of the 
total space of 

(30) Cpi(ai) ©C P i(a 2 ) ^ P 1 

relative to the fiber over 00 6 F 1 . 

We lift the C*-action on P 1 to Opi (czj) with fiber weights and — ciiS^ 
over 0,oo 6 P 1 . The 2-dimensional torus T acts on the (a±, a 2 )-cap by 
scaling the line summands, so we obtain a T-action on the (ai, a 2 )-cap. 
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Define the generating series of T-equivariant integrals 



T 




Si, «2, S3) ((<?)) 



z £r 2) (tk([°]) 

E? n (n^([o]) 

n \j=l 

where the superscript (ai,a 2 ) refers to the geometry (15U1) . 

Proposition 3. Z^ ,ct2 ^ fllj=i r «j ([0])) ^ s ^ e Laurent expansion in q 
of a rational function in Q(q, Si, S2, S3). 

Proof. The twisted (ai,a2)-cap admits a T-equivariant degeneration 
to a standard (0, 0)-cap and an (ai,a2)-tube by bubbling off G P 1 . 
The insertions ([0]) are sent T-equivariantly to the non- relative point 

of the (0,0)-cap. The rationality of Z^' aa) (]T*=i ^([°])) then fo1 " 
lows from Proposition [2J the T-equivariant rationality results for the 
(ai, a 2 )-tube without insertions [13, [2U], and the degeneration formula. 

□ 

4. Cancellation of poles 
4.1. Overview. Our goal here is to prove the following result. 
Theorem 4. For all integers a > 0, the evaluation 

K crt (ikm 

is well-defined and yields a Laurent polynomial in q with coefficients in 
Q(si,s 2 ). 

We regard the partition /i, the descendent factor HjLi T h ([0])' an d 
the integer a as fixed throughout Section HI 

Recall W;° rt (llj=i ^-([0])) is defined as an infinite sum over the 

fixed loci Qu, 

(31) K crt (tlnM)) = (^) fc ^ w — k ^ liQu)+M - 

The Qu are determined by Fj/, the weight of the corresponding box 
configuration. Although Fu is just a Laurent series in £1,^2, £3, the 
product (1 — t 3 )Fu is a Laurent polynomial. 
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Our approach to proving Theorem H] is to break ( 13TI) into finite sums 
based on the Laurent polynomial 

(1 -t 3 )Fu\ , ^ 1 • 

For any Laurent polynomial / G Z[t 1 ,t 2 ? (^1^2) "]; define 
S/ = {tt,|(l-<3)F< W =/ 

Theorem [4] follows from the following result regarding the subsums of 
( 131]) corresponding to the sets Sf. 

Proposition 4. Let f G Z[£i, £ 2 , (^1^2)""] fre a Laurent polynomial 
The evaluation 



'3 = jH*l+«2) 



zs well-defined. Moreover, the evaluation vanishes for all but finitely 
many choices of f . 

4.2. Notation and Preliminaries. We introduce here the notation 
and conventions required to analyze the sums appearing in Proposi- 
tion m 

First, we view the partition jjj clS 8b subset of Z> . The lattice points, 
for which we use the coordinates G /i, correspond to the lower left 
corners of the boxes of /1. We also write 

(S;j) = (i,j) 

for 5 = i — j. 

The points (S;j) G fi for fixed 5 lie on a single diagonal. The di- 
agonals will play an important role. Let fis = {j \ (S',j) G /i}, and 
define 

Sym M = JJSym(/i 5 ), 

where Sym(S') is the group of permutations of a set S. Thus, Sym^ 
may be viewed as the group of permutations of \x which move points 
only inside their diagonals. Let 

sgn : Sym^ {±1} 

be the sign of the permutation of \x. 

Recall the Laurent polynomials (1 — t^Fu are of the form 
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where hu(i,j) is the depth of the box arrangement below 

Because of our reparametrization of the partition \i and the evalua- 
tion tz = (M2) 5 , the following change of variables will be convenient: 

vi = h, v 2 = Ma, v 3 = ht 2 t 3 a 

and Ui = e(vi), so 

u 1 = s 1 , u 2 = s 1 + s 2 , u 3 = si + s 2 - as 3 . 

The evaluations under consideration are then simply ^3 = 1 and u 3 = 0. 
From now on we will assume Sf to be nonempty, so 

for some Qu and thus / can be written in the form 

for some exponents e§(j)- These exponents are made unique by re- 
quiring that e$(j) is a weakly decreasing function of j, for each 5. We 
generally regard / as fixed and thus do not indicate the /-dependence 
in e 5 (j). 

We now classify all Qu E Sf. Given any a = (as) E Sym^, we define 
a function h a : jj, — > Z by 

h a (5;j) =a-(j - e 5 (aj x (j))). 

When h a defines a valid box arrangement, we say a is admissible. Ad- 
missibility is equivalent to the following conditions on a: 

<7oO')^Oif e o (j)>0 

vs+i(j) a s(k) if e s+ x(j) > e s (k) 

<rs(j) 7^ &5+i(k) + 1 if e s (j) > e 5+1 (k) + 1. 

For admissible a, let Q a denote the corresponding T-fixed locus. 
Unraveling the definitions, we compute 

(i-fa)F„= J2 A4t; Kii - j ' j) 

(*j)gm 

V 1 V J 2 V 2 V$ 

(.S;j)en 

u 1 v 2 v 3 

(<5;j')gm 

= J2 v{v e 2 5{j) vl 5{j) - es{ ' j) . 
(<5;i)e^ 
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We conclude (1 — t 3 )F a \ V3= i = f and Q a G Sf. In fact, a direct exami- 
nation shows every Qui G Sf can be obtained as Q a for some admissible 
a G Sym^. If we let Sym° be the subgroup of Sym M consisting of el- 
ements r such that es(rs(j)) = es(j), then Q a = Q a > if and only if 
<7~V G Sym°. 

We thus can replace the sum over Q v G Sf with a sum over admis- 
sible a G Sym^: 



(32) 




S3 = ^0l+S 2 ) 
crSSym admissible 



53=-j(si+s 2 ) 



We will show the evaluation is well-defined by choosing k such that 
each term Wj lj ... j j fe ((5 -) in the above sum has order of vanishing along 
u 3 = at least — k , and then showing 

crSSym admissible ' U3—O 



(33) 







for < K < K . 

The second part of Proposition HJ the vanishing of the evaluation 
(I32p for all but finitely many /, is then equivalent to proving that fl33|) 
holds for k = kq (for all but finitely many /). 

In order to prove these vanishing results, we will need to analyze the 



dependence of the terms 



du3 J 



■ ik 



(Qa)) 



on the permu- 



«3=0 



tation a G Sym^. For each k, we will find the corresponding term is 
equal to a polynomial in the values a§(j) of relatively low degree which 
vanishes at all inadmissible permutations a. 

Let Q[cr] and Q(cr) denote the ring of polynomials and the field of 
rational functions respectively in the variables <Js{j)- For a polynomial 
P G Q[er], let deg(P) be the (total) degree of P. For rational functions 



(cr), we set 



de S ( ^ ) = de g( P ) 



We observe that if P G 
then 

Y Sgn(cr)P(cr 
o-GSym 



deg(Q). 

a] has degree deg(P) < Y.s \\Hs\ 
0. 



1^1 -i; 



26 



R. PANDHARIPANDE AND A. PIXTON 



since a nonzero alternating polynomial with respect to Sym M would 
have to have greater degree. 



4.3. Proof of Proposition [4], We need to study the a-dependence of 

k 

w, : ik (Q ff ) = e(-V CT ) J]ch 2+lj .(F CT ■ (l-ti)(l-t 2 )(l-t 3 ))- 

i=i 

We begin by explicitly writing V CT in terms of a and the numbers 
e$(j). Recall 



f> _ p ft _ F' F' F' — F' F' 

l-t 3 *1*2 l-t 3 1 - t 3 ^ 1 A 2 ' 



where F^ = (1 — t 3 )F CT and 

(i,i)e/u 

In particular, V cr | 1 , 3=1 does not depend on a. Hence, the order of van- 
ishing of e(— V CT ) along w 3 = is an integer — k independent of cr. 
Since the descendent factor is a polynomial in mi,M2,m 3 , the order of 
vanishing of v^i lt ... t i k {Q a ) along w 3 = is at least —/to- If < 0, then 
the evaluation is well-defined on each Wi lt ... t i k {Q a ) and thus on their 
sum. If k,q < 0, then the evaluation in fact yields zero. So we may 
assume k > 0. 

We now rewrite V CT in terms of v 1 ,v 2 ,v 3 . We find V CT equals 



E ^ 



*„.e«(j)„,°'«Ci)- e «(j) _ „<5„J 



1 - f^)< 
(<5;j)6m 



E ^ 



5 V ~^{j)-X -* S (j)+e«(j) _ V -S v7 3-1 



1 v 2 



1 - f^)« 
(5;j)e/i v i>3 ; 

„,<5i-<52,, e Si (ji)-e« 2 Cj3) „, CT «i (j'i)-^ 3 0'2)-e« 1 (ii)+e5 2 0'2) „Ji-«j.ji-j2 
r* -6?-, ' (1 -(l-vr 1 )-^- VtV- 1 )- 1 



DESCENDENTS ON LOCAL CURVES: RATIONALITY 27 

Let C > 2max(ei(j)) be a large positive integer. We break up each of 
the three above sums above using C. Then, V CT equals 



E - 



«1«2 V 3 V 1 V 2 V 3 



rrt 1 - 



Elk 
1 - c^ 3 -)' 



E a 



w-i v„ u q — u, u, 



1 v 2 



1 - f^ 2 -' 



E 

(5i;ji),(<52 ;j2)G/i 



' S 1 -S 2 e 6 1 (ji)-es 2 (j 2 ) as 1 {ji)-a-5 2 (j 2 )-es 1 {ji)+es 2 (j2) 
v l v 2 v 3 



1 - (SL)i 
l ,5i-<52„,-C„, '<5i Cji)— °"«a CW+C^ 



1 - fa)i 



- — 2 !_ f ^i — — ■ C 1 - K 1 ~ ^ >■ 

(<5i;ii),(52;j2)eM ^3'' 

We now expand out the above sums into monomials: all of the re- 
sulting terms will be of the form 

±v 1 v%v 3 K 

where x and y have no dependence on the permutation a = (as) and 
z G Q[cr] is a linear function of the values crs(j). After separating out 
the monomials with x = y = 0, we write 

v„= E cw 3 (CT) + E c <« (<7) , 

(c,0,0,z)g5 (c,x,y,z)£S 

where 5 is a finite set containing the data of the monomials which 
appear (with coefficients c G Z). Then 



e ( E ct, 3 I = 

(c,o,o,z)es 



for a rational function = 0/ G Q(er) which will be explicitly described 
below. 



28 R. PANDHARIPANDE AND A. PIXTON 

We analyze first the descendent factors in Wj l! ... ) j fc (<5 CT )- The descen- 
dent terms can be expressed in the form 



Ich 2+ij (F CT -(l-t 1 )(l-t 2 )(l-t 3 )) 



3=1 

k 

3=1 {c',x,y,z)eS' j 

where the Sj are more fixed finite sets containing the data of the terms 
which appear. As before, z G Q[a] is linear. We then find 



-c 



«3°w ilr .. iife (Q ff ) = (p(a) (xux + yu 2 + z(a)u 3 ) 

(c,x,y,z)sS 
k 

3=1 (c',a;,j/,2)e5< 

Differentiating the above product k times with respect to u% and then 
setting m 3 equal to is easily done. We obtain 



d 

""Wi lr .. )ifc (Q CT ))| U 3 =0 = ^ 0(o-)Z i (o-).R i (iti, u 2 ), 



du 3 



where X is an indexing set, Zi G Q[cr] has degree at most k, and 
Ri(ui,u 2 ) G Q(ui,u 2 ) does not depend on a. 
Proposition H] will follow from the claim that 

(34) Y, fa) z (*) = 

crGSym^ admissible 

for any polynomial Z of degree k < k (or degree k = k for all but 
finitely many /). The vanishing property (1341) is purely a property of 
the rational function G Q(cr). 

We will now study in more detail. The goal is to find a polynomial 
if) G Q[cr] of sufficiently low degree satisfying 

0(cr) = sgn(cr)?/;(<7) 

for every admissible a G Sym„ and satisfying ijj(a) = for every inad- 
missible a G Sym . From the formula for V a , we can describe G Q(er) 
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explicitly as a product of linear factors: 



n *o(j) 





( \ 




n i 


) 


V J>0 / 



\ 



V 

\ 



. («;j'i),(«y'a)e>* 

V e«(ji)>ej(j 2 ) 



n (-^oovi) 

)< 



(0y")6p 
eo(j)<-l 



/ 



\ 



V 

\ 



J 



\es(ii)>es(j2)+l 



/ 
\ 



\ 



0,5+1 0'l) - OS(j 2 )) 



, ej + i(ji)>ei(j2) 



/ 



(Ji-ia-l) 



(«;ii),te'a)e/i 

. jl>J2+l 



(5+l;ji),('5;j2)e/i 

Jl >J2 



/ 



\ 



(ffiO'l) - ^ + i(j 2 ) - 1) 



■ (-5;ii),(5+i;i2)GM 

\es0'i)>e s+ i(i2) + l 



/ 



\ _1 



n (h-h-i) 



(«;ji),(5+l;j2)GM 
ii>j2+i 



The degree of is easily computed to be — k , since there are the same 
number of constant factors appearing on the numerator and denomi- 
nator in the above expression. 



Lemma 4. We have 

Il(S;ji),(S;j2)etiUi ~ J '2) 



ri(<5;ii),(5;i2)e^( CT 5(jl) - Os(j 2 )) 

e«(ii)>e 5 (i2) 



±sgn(a) Mil) - ffaO'a)) 



(<5y'i)i(«5;j2)e/i 

e«C7'i)=e«0'2) 

J1>J2 



/or every a G Sym . 



Proof. The formula is obtained by cancelling equal terms on the left 
side. □ 

Suppose that {5 \ fig 7^ 0} = {S \ a < 5 < b}. By using the identity 
of Lemma H] and grouping terms appropriately, we find 



la) = sgn(a)(p (a) 



for cj)Q G Q(cr) given by 
(35) 0, 



XPQ 



[\a<8<b-l 
Ila+1<<5<6-1 
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P= (-ao(j)-l), Q= a (j), 



eoO')<-l 



eoO')>0 



Rx — 



K+iO'i) -05(32)) 



\es+i(ji)>es(j2) 



J 



n 



(erg (jl) - CT 5+ i(j 2 ) - 1) 



\eaO'i)>e i+ i(j 2 )+l 



/ 



Ss = Mjl) - (Tsiji) ~ 1; 



e«0'i)>ei(j2)+l 



and X G Q[er] is a polynomial. The total degree of the rational function 
0o is 

/ \ 

'+E9I 



deg(0)+deg 



Mji) - ^(j 2 )) 



(<5;ji)>(5;j2)GM 

J1>J2 



-K - 



0j ( //j -1). 



/ 



We now require an algebraic result in order to convert 0o into a 
polynomial. Let m, n > be integers, and let 

A = Q[xi, ...,x n ,y u .. .,y m ). 

Let P be the collection of n!m! points 

{x u ...,x n ,yi,...,y m ) G Q n+m 

satisfying {x 1 ,...,x n } = {l,...,n} and jj/i, . . . , y m } = {l,...,m}. 
Let a\ < a.2 < ■ • • < a n be integers with < aj < z, and set 

F = (xj - Xi + 1) e A. 

l<j<a,i 

The following Proposition will be proven in Section 

Proposition 5. If G G A vanishes when evaluated at every point of P 
at which F vanishes, then there exists H G A with 

deg(H) < deg(G) - deg(F) 

satisying G = FH for every point of P. 

If Ss+i(cr) = for a given a G Sym^ (which is then necessarily 
inadmissible), then 

(36) R s (a) = Rs+i((t) = 0. 

By reindexing the permutation sets fis and /as+i as necessary, we can 
apply Proposition [5] with G = R$ and F = S$, since is of the 
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appropriate formJl Thus for a + 1 < 5 < b — 1 , there exist polynomials 
T s G Q[a] with deg(T 5 ) < deg{R s ) - deg{S s ) satisfying 

for all a for which which Ss(cr) ^ 0. Then 

i; = XPQR a 11 Ts G Q[a] 

a+l<5<b-l 

has degree at most equal to that of <po and satisfies 
sgn(a)ip(cr) = sgn(cr)0o(o") = <j)(a) 

for any admissible a. 

For a polynomial 9 G Q[cr], let V(0) denote the set of cr G Sym^ such 
that 9(a) = 0. We see 

Vy>)DV(Q)\JV(Ra)\j( |J V(T 5 )J 

\a+l<5<b-l / 

d v(Q) u v(Ra) u ( |J (v(ifc) - V(S S )) J 

\a+l<5<b-l / 

2V(Q)U |J 

\a<5<6-l / 

= {a G Sym^ | a is not admissible}. 

The third inclusion is by repeated application of (136|) . We conclude 
vanishes when evaluated at any inadmissible a. 

We are finally able to evaluate the sum (1341) . We have 

E *(<0^) = E sgn(a)^(a)Z(a). 

CTGSym^ admissible crgSym^ 

If deg(Z) < kq, then deg(^Z) < X)a II/^KIa^I _ 1); an d tnus 

E sgn(a)^(a)Z(a) = 0. 

o-eSym M 

We have proven the evaluation of Proposition H] is well-defined. 



9 By definition, e$(j) is a weakly decreasing function of j. We use the opposite 
ordering on the variables o~s(j) to write S$ in the desired form. Explicitly, if 

fi s = {A,A + 1,...,B}, 

then we take Xi = as(B — i + 1) — A + 1. 
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The second part of Proposition H] asserts the vanishing of the evalua- 
tion for all but finitely many /. We will use a combination of two ideas 
to prove the assertion. First, if S(f) = 0, then the evaluation is triv- 
ially zero. Second, we replace the polynomial ip above with another 
polynomial ip' which assumes the same values but has lower degree. 
Then 

deg(^) < deg(0 o ) = -«o + ^ d/^KI^I - !)• 

s A 

So for deg(Z) < Ko, 

sgn(a)^'(a)Z(a) = 0. 

o-eSym^ 

As we have seen, a choice of / such that S(f) ^ uniquely deter- 
mines constants es(j) weakly decreasing in j. We use linear inequalities 
in the constants eg(j) to describe four cases in which either S(f) = 
or ip can be replaced by ip' as above. In the end, we will check that 
only finitely many possibilities avoid all four cases. The finiteness will 
come from giving upper and lower bounds for the eg(j). For the lower 
bound, since eg(j) is weakly decreasing in j, we introduce the notation 

rag = m&x([ig) 

and focus on the values eg(mg). 

Case I. Let J = max{j | (5; j) G fi for some 5} and suppose eg(j) > J 
for some (S;j) G fi. Then for any a G Sym^, 

K{5] a s (j)) = a ■ (a 5 (j) - e s (j)) < 0, 

so a is not admissible. Thus S(f) = 0. 

Case II. Consider the sequence 

e (0) > e (l) > • • > e (m ). 
Suppose there exists i G {0, . . . , mo} for which the conditions 

• e (i) < -1 

• i = or eo(i) < eo(i — 1) — 1 

hold. Then, for admissible a G Sym^, the factor a must map {«,..., m } 
to itself, as the box configuration function 

K(S;j) = a(j - egiaj 1 ^))) 

must be weakly increasing in j. The factor P of ip is a multiple of 

m 

j=i 
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Since p vanishes at all inadmissible a, we can take 

n mo (-? - 1) 
f ns(-^o(i)-i)^' 

and then 7//(<t) = ip(cr) at all a G Sym^. We have deg(^') < deg(^), 
as desired. 

Case III. Suppose 5 > and es+i(ms+i) + 1 < 6,5(7715). 

Then, either mj +1 = 7775 — 1 or mj +1 = m^. We consider the two 
options separately. 

(i) If rris+i = 1715 — 1, then for any a G Sym^, we can take 

% = crj 1 (a 5+ i(m 5+1 ) + 1) . 



Then, as(i) = a s+1 (m s+ i) + 1 and e s (i) > es(m s ) > e s+1 (m s+ i) + 1, so 
a is not admissible. Thus S(f) = 0. 

(ii) If rris + i = ms, then we have 65+1(7775) + 1 < 65(7775) < es(j) for 
< j < ms, so Rs is a multiple of 

(37) n^oi-ffwN-i). 

J'=0 



The product (157|) vanishes unless 0-5+1(7775) = m^. Hence 



m 5 

(-TTlj - 1) JJ(j - 0-5 + i(m 5 ) - 1) 
3=1 



equals flH7|) for all a G Sym M and is of lower degree, so we may replace 
ip with ip' of lower degree. 
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Case IV. Suppose 5 < and es(ms) < es+i(ms + \) . 

The situation is parallel to Case III. As before, either S(f) = or 
we can replace a divisor of R$ with a polynomial of lower degree. 

To complete the proof of Proposition HI we must check there are only 
finitely many / which avoid Cases I-IV. If / does not fall into Case I, 
then es(j) < J for all (5;j) 6 fi. If f does not fall into Case II, then 
e o{j) > — J — 1 f° r eac h j, an d i n particular eo(m ) > — m — 1. If / 
also does not fall into either of the other two cases, we can extend the 
inequality to obtain 

esims) > —wio — 1 — max{5 | (/,$ ^ 0} 

for all 5. Since eg(j) is a weakly decreasing function of j, the bounds 
imply bounds for all of the eg(j). Since the es(j) belong to -Z, we 
conclude there are only a finite number of possibilities for each if / 
does not fall into any of the Cases I-IV. □ 

4.4. Proof of Proposition [5]. Let R = Q[x 1 , . . . , x n ], and let 

ei,e 2 , ...,e n eR 

be the elementary symmetric polynomials with c±, C2, . . . , c n G Z their 
evaluations at Xi — i. Let 

I = (ei - ci, . . . ,e n - Cn) C R 

denote the ideal of polynomials vanishing on every permutation of 
(l,...,n). For a polynomial / £ R, let f denote the homogeneous 
part of / of highest degree. For an ideal J C R, let J denote the 
homogeneous ideal generated by the top-degree parts, 

J = (fo\feJ). 

Using the regularity of ei, . . . , e n , we easily see I = (e\, . . . , e n ). 

We define R' = Q[yi, . . . ,y m ] and ideals I', I' Q C R' as above with 
respect to the permutations of (1, . . . , m). We have 

A = R ®q R' = Q[xi, . . . , x n , yi, . . . , y m ] . 

For notational convenience, we let 

I,I ,I',I' Q cA 

denote the extensions of the respective ideals of R and R' in A. The 
ideal of A vanishing on the set P C Q n+m of Proposition [5] is precisely 
I + I'. The basic equality 

(I + I') = I Q + I' 

holds. 
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Let P = {p G P | F(p) 0}. Let H G A be a polynomial with the 
prescribed values 

G(p) 



#(p) 



F(p) 



for p G P, of minimum possible degree 7 = deg(H). We must show 
d < deg(G) — deg(F). For contradiction, assume d > deg(G) — deg(F). 
Then, the polynomial G — FH vanishes at every p G P and has top 
degree part F H . 

Since F G R, we verify the following equality 

H G {/ G A | F f G (/ + J')o} = {r G F | F r G J } + 7^ C A. 

We claim the above ideal is equal to 

{/ G A | 77 G 7 + 7'} = {r G i? | Fr G 7} + 7q C A 

Assuming the equality, there exists H' e A with top degree part H 
and 7 1 7f / G 7 + 7' vanishing at every p £ P. But then i7o — 77' has 
degree less than that of Hq and still interpolates the desired values, so 
we have a contradiction. 

To complete the proof of Proposition [51 we must show 

{r G 77 | F r G 7 } + F = {r G 77 | Fr G 7} + 7 , 

or equivalently 

(38) {r G 77 | F r G 7 } = {r G 77 | Fr G 7} . 

The left hand side contains the right hand side. The equality (j38p is 
thus a consequence of the following Lemma which implies the two sides 
have equal (and finite) codimension in 77. 

Lemma 5. Let n > be an integer, and let ai < < • • • < a n be 

integers satisfying < < i. Let 

F = (xj - Xi + 1) and F = (xj - xi). 
Then, we have 

iankQ(m F : 77/7 — > 77/7) = rankQ(m^ : 77/7 — > 77/7 ) 



(z 

i=l 



n< 



where mp andm Fo denote multiplication operators by F and F respec- 
tively. 
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Proof. We first show rank^m^) = nf=i(* ~ a i)- Since R/I is the 
coordinate ring of the set of n! permutations of (1, . . . , n), the rank is 
simply the number of permutations at which F does not vanish. We 
must count the number of permutations a G Sym n satisfying 

a(i) - 1 ± a(j) 

for 1 < j < cii. 

We view the permutation a (extended by <r(0) = 0) as a directed path 
on vertices labeled 0,1, ... ,n with an edge from i to j if a(i) — 1 = o~(j). 
We are then counting permutations which do not have an edge from i 
to j 'if 1 < j < a^. 

We count the number of ways of building such a path by first choosing 
an edge leading out of n, then an edge leading out of n — 1, and so 
on. The edge leading out of n can go to or to any j with a n < j < 
n\ there are n — a n choices. After placing the edges leading out of 
n, n — 1, . . . , k + 1, the digraph will be a disjoint union of k + 1 paths. 
One of these paths will end at k and of the other paths will end 
at 1, . . . , Ofc, so the choices for the edge leading out of k are to go to 
the start of one of the k — at other paths. Thus, the number of such 
permutations is indeed the product (n — a n ) ■ • • (1 — ai). 

Proving rankQ(m^ ) = niLi(^ — a «) wn ^ require more work. Let 

J = {/ G R | F f G J }, 

so multiplication by Fq induces an isomorphism between R/J and 
Image (mpj C R/Iq. We will show 

n 

(39) rank Q (i?/J) = JJ(z - a t ) . 

i=i 

In fact, we claim R/J is a 0-dimensional complete intersection of mul- 
tidegree (1 — a%, . . . , n — a n ). The dimension ( 139]) will then follow from 
Bezout's Theorem. For 1 < k < n, let 

n k—1 
i=k j=a k +l 

We claim J = (fx, ... , f n ). Note fk has degree k — as desired. 

We will prove this claim by induction on the sequence (ai)f =l . The 
base case is a« = for all i where 

n k—1 

F = 1, J = I , and f k = ^ x i T[( x j ~ x i) ■ 

i=k j=l 

We must show ...,/„) = (e u ... , e n ). 
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First, suppose /i = /2 = ■■• = /« = at some point 



From / n = 0, we find either t n = 
f n -i = 0, either t n - X = or t n _i = 
we conclude for every k, either 
tfc = for all k. Therefore R/(fi, . 
has Q-rank 



or t n = ti for some i < n. Since 
= ti for some % < n — 1. Continuing, 
= or £ fc = tj for some i < k. Thus, 
. . , f n ) is a complete intersection and 



(deg fx) ■ ■ • (deg f n ) = n\ = rank Q ( J R/ (e 1? . . . , e n )) . 
By the rank computation, we need only show 

(40) (/i,...,/n)C( ei ,...,e n ) 

to complete the base case of the induction. But the inclusion (|40|) is 
easily seen. For every k, we have 

n k—1 

fk = 5^2* _ x *) 

i=\ j=l 
n n 

i=l e=l 
n / n \ 

= £* ■ 

e=l \i=l / 

where c e G i?. The power sum Y^" =1 is symmetric and can be written 
as a polynomial in the elementary symmetric functions e\, . . . ,e n . The 
base case is now established. 

We now consider two sets of indices a±, . . . , a n and a[, . . . ,a' n for 
which such that a- = a, except when i = I and 

(41) a\ = ai + 1. 

We moreover require either / = n or a i+1 = a; + 1. We assume induc- 
tively our claim holds for a±, . . . , a n and show the claim for a' 1; . . . , a' n . 
Every (a'i)i<i<n which is not identically zero can be reached by taking 
/ = min{/ | a[ = a' n }, so the inductive step will imply the Lemma. 
Let J, J' be the corresponding ideals and let fi, . . . , f n and /(..., f' n be 
the claimed generators. We are assuming J = (fx, ... , f n ) and want to 
prove J' = (f[. . . , f' n ). 

From the definition of J and J', we easily see 

J' = {g E R | (x ai+1 - x{)g G J}. 
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Also note f' k = fk for k ^ I. If I = n, then 

fi 



and otherwise 



fl — fl+1 



by condition ff4~Tj) . 

Let i? = R/(x ai+ i — xi). For an element r e R, let F denote the 
projection in i?. Consider the i?-module homomorphism 

iff : if -*R 

defined by ip(fi, . . . , f n ) = / 1 r 1 H — • + / re r n . Let for 1 < 2 < n and 
1 < j < m be such that the m elements (sf 1 , . . . ,sffl) £ R™ generate 
the kernel of i/j. Clearly, J' is the ideal generated by J and the m 
elements 

1 n 

Em®- 

In other words, we must find all the relations between the elements 

fit • • • i fn' 

Now = f l+l if I ^ n, or f l = if I — n, so we need only consider 
relations between the n — 1 elements with f l removed. These n — 1 ele- 
ments in R form a complete intersection, so the relations are generated 
by the trivial ones fjj — fjf { = 0. 

We have proven that J' is the ideal generated by J = (f\, . . . , f n ), 
either — - — if I — n or otherwise, and the elements 



c a;+l— %l Xcn + l—Xl 

f , L 

0. 



fifj fjfi 



x ai+l ~ x l 

Thus J' =(/■{... , /^), as desired. □ 

5. Descendent depth 

5.1. T-Depth. Let iV be a split rank 2 bundle on a nonsingular pro- 
jective curve C of genus g. Let S* C N be the relative divisor associated 
to the points pi, . . . , p r G C. We consider the T-equivariant stable pairs 
theory of N/ S with respect to the scaling action. 

The T- depth m theory of N/S consists of all T-equivariant series 

(k' k N ^ 

rKm nn,(p) 
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where k' < m. As before, p G H 2 (C, Z) is the class of a point. The 
T-depth m theory has at most m descendents of 1 and arbitrarily many 
descendents of p in the integrand. The T-depth m theory of N/S is 
rational if all T-depth m series (1421) are Laurent expansions in q of 
rational functions in Q(q, Si, s 2 ). 

The T-depth theory concerns only descendents of p. By taking the 
specialization S3 = of Proposition [2j 



we see the depth theory of the cap is rational. 

Lemma 6. The T-depth theory of N/S over a curve C is rational. 

Proof. By the degeneration formula, all the descendents ^.(p) can be 
degenerated on to a (0, 0)-cap. The T-depth theory of the cap is 
rational. The pairs theory of local curves without any insertions is 
rational by [T7J [20]. Hence, the result follows by the degeneration 
formula. □ 



5.2. Degeneration. We have already used the degeneration formula 
in simple cases in Proposition [3] and Lemma above. We review here 
the full T-equivariant formula for descendents of 1, p G H*(C, Z). 

Let C degenerate to a union C\ UC 2 of nonsingular projective curves 
Ci meeting at a node p'. Let N degenerate to split bundles 



The levels of Ni must sum to the level of N. The relative points pi, 
distributed to nonsingular points of Ci U C2, specify relative points 
Si C Ci away from p'. Let Sf — Si U {p'}- 

In order to apply the degeneration formula to the series (I42p . we 
must also specify the distribution of the point classes occuring in the 
descendents r ij (p). The disjoint union 




J X U J 2 = {1,..., 



k} 
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specifies the descendents ^(p) distribute to Cj for j G J«. The degen- 
eration formula for (1421) is 



T 

q d 



J{u4={i,...,fe'} \-?' 6J i 



T 



jeJ 2 



j' 



A crucial point in the derivation of the degeneration formula is the 
pre-deformability condition (ii) of Section 3.7 of [24]. The condition 
insures the existence of finite resolutions of the universal sheaf F in 
the relative geometry (needed for the definition of the descendents) 
and guarantees the splitting of the descendents under pull-back via the 
gluing maps of the relative geometry. The foundational treatment for 
stable pairs is essentially the same as for ideal sheaves [T2j . 



5.3. Induction I. To obtain the rationality of the T-depth m theory 
of N/S over a curve C, further knowledge of the descendent theory of 
twisted caps is required. 

Lemma 7. The rationality of the T-depth m theories of all twisted caps 
implies the rationality of the T-depth m theory of N/S over a curve C . 



Proof. We start by proving rationality for the T-depth m theories of 
all (0, 0) geometries, 

(43) O c © O c -> P 1 , 

relative to pi,...,p r G P 1 . If r = 1, the geometry is the cap and 
rationality of the T-depth m theory is given. Assume rationality holds 
for r. We will show rationality holds for r + 1. 

Let p{d) be the number of partitions of size d > 0. Consider the 
oo x p(d) matrix Mj, indexed by monomials 

in the descendents of p and partitions /x of d, with coefficient Z"^ (L) T 
in position (T,/i). The lowest Euler characteristic for a degree d stable 
pair on the cap is d. The leading q d coefficients of are well-known 
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to be of maximal ran Hence, the full matrix Md is also of maximal 
rank. 



Consider the level (0, 0) geometry over P 1 relative to r + 1 points in 
T-depth m, 



We will determine the series ( jUj) from the T-depth m series relative to 
r points, 



defined by all monomials L in the descendents of p. 

Consider the T-equivariant degeneration of the (0, 0) geometry rel- 
ative to r points obtained by bubbling off a single (0, 0)-cap. All the 
descendents of p remain on the original (0, 0) geometry in the degener- 
ation except for those in L which distribute to the cap. By induction 
on m, we need only analyze the terms of the degeneration formula in 
which the descendents of the identity distribute away from the cap. 
Then, since Md has full rank, the invariants (1441) are determined by the 
invariants (j45|) . 

We have proven the rationality of the T-depth m theory of the (0, 0)- 
cap implies the rationality of the T-depth m theories of all (0, 0) relative 
geometries over P 1 . By degenerations of higher genus curves C to 
rational curves with relative points, the rationality of the (0, 0) relative 
geometries over curves C of arbitrary genus is established. 

Finally, consider a relative geometry N/S over C of level (ai,a 2 ). 
We can degenerate N/ S to the union of a (0, 0) relative geometry over 
C and a twisted (ai,a 2 )-cap. Since the rationality of the T-depth m 
theory of the twisted cap is given, we conclude the rationality of Nj S 
over C. □ 

The proof of Lemma [7] yields a slightly refined result which will be 
half of our induction argument relating the descendent theory of the 
(0, 0)-cap and the (0, 0)-tube. 

Lemma 8. The rationality of the T-depth m theory of the (0,0) -cap 
implies the rationality of the T-depth m theory of the (0,0) -tube. 

10 The leading q d coefficients are obtained from the Chern characters of the 
tautological rank d bundle on Hilb(7Voo, d). The Chern characters generate the ring 
i/^Hift^iVoo, d), Q) after localization as can easily be seen in the T-fixed point 
basis. A more refined result is discussed in Section [9] 



(44) 




(45) 
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5.4. T-depth. The T-depth m theory of the (ai, a 2 )-cap consists of all 
the T-equivariant series 

(k k' \ 

3=1 f=l J 

where k! < m. Here, G P 1 is the non-relative T-fixed point and 
oo G P 1 is the relative point. The T-depth m theory of the (01,02)- 
cap is rational if all T-equivariant depth m series (|42|) are Laurent 
expansions in q of rational functions in Q(q, si, s 2 , s 3 ). 

Lemma 9. TTie rationality of the T-depth m theory of the (0,1,0,2) -cap 
implies the rationality of the T-depth m theory of the (a\, a 2 )-ca]?. 

Proof. The identity class 1 G H^.{¥ 1 , Z) has a well-known expression in 
terms of the T-fixed point classes 

1= _H+ H . 

S3 S3 

We can calculate at most m descendents of 1 in the T-equivariant 
theory via at most m descendents of [00] in the T-equivariant theory 
(followed the specialization S3 = 0). □ 

6. Rubber calculus 

6.1. Overview. We collect here results concerning the rubber calcu- 
lus which will be needed to complete the proof of Theorem [3j Our 
discussion of the rubber calculus follows the treatment given in Section 
4.8-4.9 of [2U]. 

6.2. Universal 3-fold 1Z. Consider the moduli space of stable pairs 
on rubber P n (R/R U -Roo)~ discussed in Section 1331 Let 

7T :K->P n (R/R UR oo ,d)~ 

denote the universal 3-fold. The space 1Z can be viewed as a moduli 
space of stable pairs on rubber together with a point r of the 3-fold 
rubber. The point r is not permitted to lie on the relative divisors Ro 
and -Rqo. The stability condition is given by finiteness of the associated 
automorphism group. The virtual class of 1Z is obtained via 7r-flat 
pull-back, 

[n]mr = n * (jp n(jR/jRo u jRooj d)-]^ 

As before, let 

F ->■ K 

denote the universal sheaf on 71. 
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n.d 



The target point r together with R and specifies 3 distinct points 
of the destabilized P 1 over which the rubber is fibered. By viewing the 
target point as 1 G P 1 , we obtain a rigidification map to the tube, 

(f>:K^ PniN/NoUN^d), 

where N = Op © 0\, is the trivial bundle over P 1 . By a comparison of 
deformation theories, 

(47) {K} mr = 0* {[P n (N/N U iVoo, d)r ) . 

6.3. Rubber descendents. Rubber calculus transfers T-equivariant 
rubber descendent integrals to T-equivariant descendent integrals for 
the (0, 0)-tube geometry via the maps 7r and <fi. Consider the rubber 
descendent 

k 

(48) (^i^c-n^ K 

As before, ipo is the cotangent line at the dynamical point G P 1 . The 
action of the rubber descendent Tj is defined via the universal sheaf F 
by the operation 

vr,(ch 2+i (F)n(7r*( • )) : H^P^N/NqUN^ d)) -> H^P^N/NoUN^d)) . 
By the push-pull formula, the integral (|48|) equals 

( k 

(49) (a ch 2+c (F)7r*Uo-n^ 

V 3=1 

Next, we compare the cotangent lines vr*(^ ) and 0*(^>o) ° n 7^- A 
standard argument yields 

7T*(V>o)=0*(^o)-<f(A)), 

where 

DodniN/NoUN^d) 

is the virtual boundary divisor for which the rubber over oo carries 
Euler characteristic n. We will apply the cotangent line comparisons 
to (149]) . The basic vanishing 

(50) Vok = 
holds. 

Consider the Hilbert scheme of points Hilb(-Ro) °0 of the relative di- 
visor. The boundary condition fi corresponds to a Nakajima basis 
element of v4^(Hilb(i?o, d)). Let F be the universal quotient sheaf on 

m\b{Ro,d) x R , 



n,d 
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and define the descendent 

(51) r c = 7T* (ch 2+c (F )) G A c T (m\b(R , d)) 

where tt is the projection 

7i : Hilb( J R , d) x R ->■ Hilb( J R , <0 • 

The cotangent line comparisons, equation (|49j) . and the vanishing 
(|50|) together yield the following result, 



(52) U tirc-Yln. 



3=1 



»(,(/ 



3=1 



tube,T 



n,d 



7i, ^ 



3=1 



Equation (I52D will be the main required property of the rubber calculus. 



7. Capped 1-leg descendents: full 

7.1. Overview. We complete the proof of Theorem [3] using the inter- 
play between the T-equivariant localization of the cap and the theory 
of rubber integrals. A similar strategy was used in [18] to prove the 
Virasoro constraints for target curves. As a consequence, we will also 
obtain a special case of Theorem [2j 

Let iV be a split rank 2 bundle on a nonsingular projective curve C 
of genus g. Let S C N be the relative divisor associated to the points 
Pi, . . . ,p r G C. We consider the T-equivariant stable pairs theory of 
N/S with respect to the scaling action. 

Proposition 6. Ifjj G H 2 *(C, Z) are even cohomology classes, then 



\j=i 

is the Laurent expansion in q of a rational function in Q(q, s\, s 2 ). 

Proposition [6] is the restriction of Theorem |2] to even cohomology. 
The proof is given in Section [T74l The proof of Theorem |2] will be com- 
pleted with the inclusion of descendents of odd cohomology in Section 

El 
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7.2. Induction II. The first half of our induction argument was es- 
tablished in Lemma [SJ The second half relates the (0, 0)-tube back to 
the (0, 0)-cap with an increase in depth. 

Lemma 10. The rationality of the T -depth m theory of the (0, 0)-tube 
implies the rationality of T -depth m + 1 theory of the (0, 0)-cap. 

Proof. The result follows from the T-equivariant localization formula 
for the (0, 0)-cap and the rubber calculus of Section 16. 31 To illustrate 
the method, consider first the m = case of Lemma [HB 

The localization formula for T-depth 1 series for the (0, 0)-cap is the 
following: 

(k 
n^aoD-T^M) 

E w r f Eh, cm)) ■ w r } ■ ( s ?" + %)) 

where the rubber terms on the right are 

V = 2^ q 

ri>d 
n>d 




1 



S3 - ^0 



S3 ~ A 



c, 



n.d 



n.d 



In the first rubber term, acts on the boundary condition P u via 
f[5"Tj) . The term arises from the distribution of the Chern character of 
the descendent r^Qoo]) away from the rubber. 

The second rubber term simplifies via the topological recursion rela- 
tion for ipQ after writing 

(53) 53 1 ' ^ 



S3 ~1p0 S 3 - 1p 

and the rubber calculus relation ([52]). We find 



ssw = E s ?-^- z a e ,(^(M)) T - s?'" 

The leading 1 on the right side of ([531 corresponds to the degener- 
ate leading term of S~. The topological recursion applied to the ip Q 
prefactor of the second term produces the rest of S~. The superscript 
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tube refers here to the (0, 0)-tube. The rubber calculus produces the 

correction — S^ 1 . 

After reassembling the localization formula, we find 

(ft 
n^([oD-^(M) 

E z sfn^a°])) v'^W* 

|r?|=d \7=1 / ^ 




which implies the m = case of Lemma flOl 

The above method of expressing the T-depth m + 1 theory of the 
(0, 0)-cap in terms of the T-depth theory of the (0, 0)-cap and the 
T-depth m theory of the (0, 0)-tube is valid for all m. 

Consider the m — 1 case. The localization formula for T-depth 2 
series for the (0, 0)-cap is the following: 



7 cap 



nr,([0]).r !; (H)r l3 (H) 



0) 



/ T 4 I T-l -/J T-l -fl 



where the rubber terms on the right are 



T-i t.i a 

C "1 "2 
•J 77 



V 'A 4 



s; 2 (n { : 




n>d 
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Using ( 153]) and the rubber calculus relation ( l52i) . we find 

|r?|=d y 

+ E s ?W-^r z S&(^(M)) ■ 

As we have seen before, 



|/t|=d 

After adding everything together, we have for m = 1 the relation: 



\j=i r=i 



|57|=d V=l 

T 



+ E z 2(rM°D) -7- z SM^(M)) r 

iMi,i^i=d \i=i / y 

flW rp 

■ 9 V -AtA^(ioo})) T ■ 

We leave the derivation of the parallel formula for general m (via ele- 
mentary bookkeeping) to the reader. □ 

An identical argument yields the twisted version of Lemma [TU] for 
the (ai, a 2 )-cap. 

Lemma 11. The rationality of the T '-depth m theory of the (0,0) -tube 
implies the rationality of the T -depth m + 1 theory of the (a\, a2)-cap. 

7.3. Proof of Theorem [3] Lemmas [8] and [10] together provide an 
induction which results in the rationality of the T-depth m theory of 
the (0, 0)-cap for all m. Since the classes of the T-fixed points 0, oo G P 1 
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generate if^P^Z) after localization, all partition functions 

are Laurent series in q of rational functions in Q(q, S\, s 2 , S3). □ 

7.4. Proof of Proposition [6l Using Lemma [TTl we obtain the exten- 
sion of Theorem [3] to twisted (a\, a 2 )-caps. 

Proposition 7. For jj £ -f/^P^Z), the descendent series 

\j=i 

of the (ai, a 2 )-cap is the Laurent expansion in q of a rational function 
in Q(q,s 1 ,s 2 ,s 3 ). 



k - T 



By taking the S3 = specialization of Proposition [7J we obtain 
the rationality of the T-depth m theory of the (a 1; a 2 )-cap for all m. 
Proposition then follows from Lemma [7J □ 

7.5. T-equivariant tubes. The (ai,02)-tube is the total space of 

P i(ai) ©C P i(a 2 ) ^P 1 

relative to the fibers over both 0, 00 £ P 1 . We lift the C*-action on P 1 to 
Ofi (a^ with fiber weights and <2jS3 over 0, 00 £ P 1 . The 2-dimensional 
torus T acts on the (ai,a 2 )-tube by scaling the line summands, so we 
obtain a T-action on the (a\, a 2 )-tube. 

Proposition 8. For jj £ iJ^P^Z) , the descendent series 

\ T 

Z (*i,aa) f TT T . (V 

\j=i 
of the ( 

a ii a 2 )-tube is the Laurent expansion in q of a rational function 
in Q(q, si, s 2 , s 3 ). 

Proof. Consider the descendent series 

T 

(54) z^r^n^w n^(M) v 



3 

i'=i 3=1 



of the (ai, a 2 )-cap where L is a monomial in the descendents of [0]. The 
(ai,a 2 )-cap admits a T-equivariant degeneration to a standard (0,0)- 
cap and an (ax, a 2 )-tube by bubbling off £ P 1 . The insertions Tj.([0]) 
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of L are sent T-equivariantly to the non-relative point of the (0, 0)-cap. 
Since 054p is rational by Proposition [7] and the matix of Lemma [7| 
is full rank, the rationality of 

(k 1 k \ T 

j'=i j=i / 

follows by induction on k' from the degeneration formula. The classes 
1 and [oo] generate ^^(P 1 ,^) after localization. □ 

8. DESCENDENTS OF ODD COHOMOLOGY 

8.1. Reduction to (0, 0). Let N/S be the relative geometry of a split 
rank 2 bundle on a nonsingular projective curve C of genus g. Let 

a g ,p 1 ,...,P g G H\C,Z) 

be a standard symplectic basis of the odd cohomology of C. Proposition 
O establishes Theorem [2] in case only the descendents of the even classes 
1, p G H*(C, Z) are present. The descendents of o:, and j3j will now be 
considered. 

The relative geometry Nj S may be T-equivariantly degenerated to 

Oc®O c ^C 

and an (ai,02)-cap. The relative points and the descendents Tk{oii) 
and Tk(Pj) in the integrand remain on C. Since the rationality of the 
T-equivariant descendent theory of the (ai,a2)-cap has been proven, 
we may restrict our study of the descendents of odd cohomology to the 
(0, 0) relative geometry over C. 

8.2. Proof of Theorem [2l The full descendent theories of (0, 0) rela- 
tive geometries of curves C are uniquely determined by the even descen- 
dent theories of (0, 0) relative geometries by the following four proper- 
ties: 

(i) Algebraicity of the virtual class, 

(ii) Degeneration formulas for the relative theory in the presence of 
odd cohomology, 

(iii) Monodromy invariance of the relative theory, 

(iv) Elliptic vanishing relations. 

The properties (i)-(iv) were used in [18] to determine the full relative 
Gromov-Witten descendents of target curves in terms of the descen- 
dents of even classes. 

The results of Section 5 of [18] are entirely formal and apply ver- 
batim to the descendent theory of (0, 0) relative geometries of curves. 
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Moreover, the rationality of the even theory implies the rationality of 
the full descendent theory. □ 

9. Denominators 

9.1. Summary. We prove the denominator claims of Conjecture [3] 
when only descendents of 1 and p are present. 

Theorem 5. // only descendents of even cohomology are considered, 
the denominators of the degree d descendent partition functions Z of 
Theorems^ OJ and\B are products of factors of the form q k and 

1 " 

for 1 < r < d. 

Theorem [5] is proven by carefully tracing the denominators through 
the proofs of Theorems [Q13J When the descendents of odd cohomology 
are included, the strategy of Section 5 of [18] requires matrix inver- 
sion^! for which we can not control the denominators. 

Theorem \5\ is new even when no descendents are present. For the 
trivial bundle 

N = Opi © C P i -> P 1 , 

the T-equivariant partition Z^f 2 3 of Theorem |2] is (up to q shifts) 
equal to the 3-point function 

in the quantum cohomology of the Hilbert scheme of points of C 2 , see 

HSII2D]. 

Corollary. The 3-point functions in the T-equivariant quantum coho- 
mology of Hilb(C 2 , d) have possible poles in -q only at the r th roots of 
unity for r at most d. 

Proof. By Theorem \5\ we see the possible poles in — q of the 3-point 
functions are at and the r th roots of unity for r at most d. By 
definition, the 3-point functions have no poles at 0. □ 



Specifically, the matrix associated to Lemma 5.6 of [TB] has an inverse with 
denominators we cannot at present constrain. 
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9.2. Denominators for Proposition [21 We follow here the notation 
used in the proof of Proposition [2] in Section [31 

The matrix is a fundamental solution of a linear differential equa- 
tion with singularities only at and r th roots of unity for r at most d, 
see [21]. Hence, the poles in — q of the evaluation 

CM I 

^ ls 3 =-(si+s 2 ) 

can occur only at and r th roots of unity for r at most d. The denom- 
inator claim of Theorem for Proposition [2] then follows directly from 
the proof in Section 13.51 

While only the rationality of Theorem [4] is needed in the proof of 
Proposition [21 the much stronger Laurent polynomiality of Theorem [4] 
is used here. 

9.3. Denominators for T-equivariant stationary theory. Con- 
sider the denominators of 

z ZL.,ir (n (p)) • 

The denominator result for the T-equivariant stationary theory of the 
(0, 0)-cap is obtained from the denominator result for Proposition [2] by 
the specialization S3 = 0. By degenerating all the descendents T^(p) on 
to a (0, 0)-cap, we need only study the denominators of T-equivariant 
partition functions f r with no descendent insertions. 

The denominator result for the T-equivariant (a, 6)-tube with no 
descendents is again a consequence of the study of the fundamental 
solution in [2T|. By repeated degenerations (using the (a, 6)-tube for 
the twists in N), we need only study the denominators of T-equivariant 
partition functions Z^'°) 2 , with 3 relative insertions. 

9.4. Relative/descendent correspondence. Relative conditions in 
the theory of local curves were exchanged for descendents in the proof 
of Lemma [71 For the denominator result for Z^ '^ 2 „3> we require a 
more efficient correspondence. 

Proposition 9. Let d > be an integer. The square matrix with 
coefficients 

(55) ^z{^-m)---r» lM -m)) T 

as A and fi vary among partitions of d 

(i) is triangular with respect to the partial ordering by length, 

(ii) has diagonal entries given by monomials in q, 
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(iii) and is of maximal rank. 

Proof. The Proposition follows from the results of Section 4.6 of [20] 
applied to the theory of stable pairs. Our relative conditions A are 
defined with identity weights in the T-equivariant cohomology of C 2 . 
For the proof, we weight all the parts of A with he T-equivariant class 
of the origin in C 2 . Then, by compactness and dimension constraints, 
the triangularity of the matrix is immediate for partitions of different 
lengths. On the diagonal, the expected dimension of the integrals are 
0. Using the compactification 

(56) C 2 x P 1 c P 2 x P 1 

as in Section 4.6 of [20], we obtain the triangularity of equal length 
partitions. 

Consider the Hilbert scheme of points Hilb(C 2 , d) of the plane. Let 
F be the universal quotient sheaf on 

Hilb(C 2 ,rf) x C 2 , 

and define the descendent^l 

r fc = 7r*(ch 2+fc (F)) g A fc (Hilb(C 2 ,cO,Q) 

as before (IBTl) . Using the compactification ( 1561) . we reduce the calcula- 
tion of the diagonal entries to the pairing 

1 

Hilb(C 2 ,d) c! 

which appears in [22] . 

We conclude the diagonal entries do not vanish. The diagonal entries 
are monomial in q by the usual vanishing obtained by the holomorphic 
symplectic form on C 2 . □ 

The denominator result holds for the nonvanishing entries of the 
correspondence matrix (155|) . Since the matrix is triangular with mono- 
mials in q on the diagonal, the denominator result holds for the inverse 
matrix. 

We can now establish the denominator result for the T-equivariant 
3-point function Z^'°) , 3 . We start with the descendent series 

1 d,ri L ,rf 

( 58 ) z 2;°3 (v-i(p) • • • W)-i(p) ■ r m-i(p) • --^-ilp)) 

for partitions \i and /2 of d. The denominator result holds for all series 
(15 8p . By bubbling all the descendents r Mi _i(p) off of the point G P 1 
and bubbling all the descendents r^._ 1 (p) off of the point 1 G P 1 , we 



(57) sis 2 (t c _i 



12 



The Chern character of F is properly supported over Hilb(C 2 , d). 
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conclude the denominator result for Z\\ 2 3 from the denominator 
result for the inverse of the correspondence matrix (IB3|) . 

9.5. Denominators for Theorems EH31 The denominator result for 
Theorem [3] is obtained by following the proof given in Sections 00 An 
important point is to replace the matrix appearing in the proof of 
Lemma [7] with the correspondence matrix fl55|) . The required matrix 
inversion then keeps the denominator form. The rest of the proof of 
Theorem [3] respects the denominators. 

Proposition [6] is the statement of Theorem [2] for descendents of even 
cohomology. Again, the proof respects the denominators. The proof of 
Theorem O is complete. □ 
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